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Orientational states and phase transitions induced by microtextured substrates
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We study the orientational states induced in nematic liquid crystals by microtextured substrates with a
spatially mixed pattern of different aligning potentials on the mesoscopic scale, i.e., on the ordepof O6r5
less. We show that within the Landau—de Gennes framework, the existence of a finite elastic correlation length
leads to the prediction of multipleemperature-dependeriulk orientational states, separated by phase tran-
sition(s). For an alternating stripe pattern of planar and homeotropic aligning potentials, we find three orien-
tational states, denoted by the alignment of their bulk directors ag,ttieey, and theyz states. Here is
normal to the substratg,is parallel to the stripes, and the texturing is alongxfwrection. In particular, there
is a first order phase transition between the two states with the bulk directors indinection and in the
yz plane. This transition can be induced by varying either the texturing periodicity or the temperature, or
through the application of an electric field in thalirection. For nematic liquid crystals sandwiched between
two similarly textured substrates, an analysis of the electric-field-induced effects shows that the effective
anchoring strength of the textured substrates is tunable as a function of either the texturing periodicity or the
temperature. When the anchoring is weak, a field-induced orientational transition is found to be possible at
applied voltages lower than that of the Edericksz transition.S1063-651%97)10906-0

PACS numbgs): 64.70.Md, 61.30.Cz, 68.45v

I. INTRODUCTION within the appropriate rangg2,3]. This phenomenon, also
called the prewetting transition, is, to the best our knowl-
The study of substrate-induced alignments is importanedge, yet to be observed. For phenomef®n it has been

for both the physical understanding of substrate-liquid-predicted and experimentally observed that biaxial ordering
crystal (LC) interactions and the design of LC display de- can exist in the boundary laydB,4]. By biaxiality, one
vices. Properly treated substrates are known to induce prefneans that there can be two nonzero order parameters along
erential bulk alignment in LCs. Most prior studies on the two local orthogonal axes. In mathematical terms this means
subject have been focused on uniform substrates. Pel’feCt{_ﬁat in the principa| local frame where the tensor order pa-

uniform substrates are rare, however, and conventionally byameteré is diagonal, there are two independent diagonal

uniform substrates one usually means those samples wher . )
the microstructure scale is much smaller than the LC elastig?emems' Theoretical studies have shown that abiqye

correlation length, to be defined beld®ec. I1) strong planar alignment potential can cause spontaneous
For a uniform 'substrate, substrate-LC interaction can reSYmmetry breaking that results. in biaxial qrdering in the
sult in liquid crystalline order within the boundary layer, Poundary layef3]. A recent experimerj#] has indeed found

close to the substrates, even when there is no bulk orderinfjat the first LC monolayer at the polyimide-coated substrate
at temperatures above the nematic-isotropic transition tenf:@n possess strong biaxial character, which must be de-
peratureTy, . Below Ty, the effect of a uniform substrate is Scribed by a tensor order parameter. The use of the tensor
mostly to anchor the bulk director through a boundary layeforder parameter in this case proves to be not only necessary,
that exhibits a slight variation of liquid crystalline order. The but also sufficient for the accurate prediction of the bulk
LC elastic correlation length serves as the basic length scalerientational state through the Landau—de Gennes formalism
for the imperfectly ordered interfacial layer. There have been— the predicted and measured bulk tilt angles were shown to
a large number of theoretical and experimental studies oagree accuratelyd], demonstrating the validity and accuracy
such local ordering near the substrates. Close to and abowé the phenomenological model based on the tensor order
Ty it has been shown that there can be three phenomergarameter. In this work, the Landau—de Gennes formalism is
associated with the boundary layé€t) partial and complete the basis of all our calculations.

wetting, (2) the boundary layer phase transition, a3 the In contrast with prior studies on uniform substrates, this
biaxial state. In(1), the partially ordered boundary layer is work is concerned with phenomena that can be induced by
viewed as the wetting of the interface by an ordered LCmicrotextured substrates, i.e., sample substrates where the
phase. As the temperature approachggs from above, the microstructure scale is purposely made larger than the LC
thickness of the ordered layer can be either firfpartial  elastic correlation length, but still in the mesoscopic range.
wetting) or infinite (complete wetting depending on the In this context, it should be mentioned that there have been
relative strength of the LC-substrate interaction. These twgrior works that examined the effective alignment induced
distinct cases have both been experimentally obsdri/edt by inhomogeneous substrai{és-7]. Berremar5] first stud-

has also been predicted that a phase transition, of first ded the anchoring effect of a periodically undulating surface
second order, can occur in an ordered boundary layer at w&here the surface anchoring is locally strong. Fdéttigen-
temperature abovd )y, if the LC-substrate interaction is eralized Berreman'’s results by taking into account the mag-
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nitude of the local anchoring energy. Barbetoal. [7] fur- SUBSTRATE
TEXTURE

ther considered a flat solid surface textured into a periodic
structure along one direction in the plane, with two alternat-
ing easy axes. They showed that an effective easy axis ca
result for bulk alignment. However, all those prior studies on
inhomogeneous substrates were based on the Frank-Oset
elastic theory, which considers only the distortion energy
associated with the spatial variation of the director. The ne-
glect of the spatial variation of the liquid crystalline order
means that the elastic correlation length is essentially infinite o P—?’/ bulk n_
in the Frank-Oseen theof]. That means the substrate in- ) - ’ of X state
homogeneity is effectively homogenized, and the effective
alignment is the only phenomenon that can result.

In this work, we consider, besides the distortion energy of BOUNDARY LAYERS IN THE
the directors, also that associated with the spatial variation of X STATE
the liquid crystalline order parameter. It is shown that within
the more complete and accurate theoretical framework, there bulk n -
can be more than a singléemperature-dependenbulk :
alignment state, together with phase transitspbhetween the
induced states. Moreover, the effective anchoring strength
can be tuned, giving rise to field-induced effects at voltage
below the Fredericksz transition voltage.

-— -0
- o0

-— o0

/L

FIG. 1. Schematic illustration of the textured stripe pattern with
alternating homeotropic and planar alignment conditions. The direc-

Il. STATEMENT OF RESULTS

We consider the possible orientational states that can be
induced by micro-textured substrates with a spatially mixed
pattern of different aligning potentials on the mesoscopic (
scale, i.e., on the order of 0am. For a stripe pattern of
alternating planar and homeotropic aligning conditions,
shown in Fig. 1a), we find that there are three orientational tors of the two bulk orientational states are shown at rightThe

stateq9]. In each of these states, close to the substrate is &roctor confi . , .
- . . . gurations of thgz state and the state in the transi
boundary layer, whose thickness is proportional to the periz layer
odicity of the textured pattern and that exhibits appreciable '
elastic distortion. Above the boundary layer is the bulk re-shown that thex state is the stable phase and thstate the
gion where the liquid crystalline order is uniaxial with a metastable one. Furthermore, we find that there can be a first
uniform bulk director. The three states, denoted astltee  order phase transition between thend theyz states. The
y, and theyz states, have their bulk directors in tk@nd the  transition can be observed by varying either the temperature
y directions, and in thgz plane, respectively. The director or the texturing periodicity, or through the application of an
configurations of thex state and the/z state are schemati- electric field in thez direction. The field-induced transition
cally illustrated in Fig. 1. Here is normal to the substrate, in a sandwiched LC cell is found to be possible at a voltage
y is parallel to the stripes, and the stripe texturing is alongower than that of the Fexlericksz transition, i.e., when the
the x direction. In theyz state, the tilt angle of the bulk field-induced distortion lengtég is larger than the cell thick-
director, as measured from ttxg/ plane, can vary between nessd. This is shown to be possible because the existence of
7 and 40° as a function of temperature and/or texturing pethe induced phases implies that close to the transition point,
riodicity. The existence of those states is found to result fronthe surface anchoring is effectively weak.
the competition between the elastic energy in the boundary This paper is organized as follows. In Sec. lll we present
layer, induced by the microtexturing, and the surface alignthe Landau—de Gennes formalism for our model. In Sec. IV
ment potential. When the texturing periodici®y is very  the numerical procedure for locating the stable and the meta-
large as compared to the elastic correlation length, the elast&table states is outlined, and the existence of three bulk ori-
energy is small, and the surface alignment potential domientational states, namely, thestate, they state, and the
nates the behavior in the boundary layer. This leads to thgz state, is shown. By examining the large and small period-
yz state. WherP decreases, the elastic energy can increasgity limits, we explain why there can be three locally and
to the extent where it is comparable to the surface alignmentotentially globally stable states. In Sec. V, we demonstrate
potential. Further decrease &f results in the unfavorably the existence of a first order phase transition from ylze
large elastic energy, and a transition becomes possible tstate to thex state upon the variation of the substrate peri-
statds) where the elastic distortion is small, at the expense obdicity and/or the temperature. For completeness, the virtual
disobeying the surface alignment potential. Two states ar&ransition from the metastablgz state to the metastabie
found to be possible: the state and the state. Through an state is also analyzed. In Sec. VI, we discuss the effects of
analysis of the rotational and space-reversal symmetry progpplied electric field on nematic liquid crystals sandwiched
erties of the system, coupled with a simple model, it isbetween two similarly microtextured substrates. With appro-
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priate surface potential constants, it is shown that when thg
cell thickness is on the order of several micrometers, an apblti’;

plied voltage on the order of a few volts is sufficient to Egs.(1) and(2), it is clear that one can define a length scale

|ndu<_:dez1;|r:st otrd?r tra?stltlc_)n f“’tT thfﬂ Stithe t? thegt_state,_ tfrom the ratio between the coefficiégt of the gradient
provided the starting state IS not larfrom ne transition pointye o a0y those of the nongradient tésm Such length

The field—ir!duced phase transition effectively impIi_es thatscaleés) is (are denoted the elastic correlation lenghin
microtexturing offers a systematic approach to contmuousl){his paper

vary the_ anchoring strength. We conclude in Sec. VII with a In the absence of any surface interaction potential, the
discussion of future works. ; g . : N o
bulk state in equilibrium is uniform. Minimizing-g with

respect to a uniforr@'(r) yields the uniaxial state character-
ized by an orientational order paramefand a directon.
Consider a semi-infinite nematic ||qu|d Crysté“l_c) For the semi-infinite Sample iﬂ?O, the equilibrium bulk
sample interfaced with a substrate that is textured into a pestate az—o must be uniform and thus uniaxial, since oth-
riodic stripe pattern. The system is in the half spae® and  erwise the elastic distortion energy would diverge. However,
the substrate is defined to be z:0. In the Landau—de When a NLC interacts with the substratezatO via a surface
Gennes formalism, the local Ordering of a NLC is macro_interaction potential, deviation in the surface order parameter
scopically described by a second-rank traceless, symmetricom the bulk value is expected. Consequen@(r) would
tensor order parameté, which has five independent com- ineVitably exhibit Spatial variation close to the substrate.
ponents. Expansion of the free energy density in a powepeveral elastic correlation lengths of the same order can be

series of(j gives the standard expression of the free energ)?jefmed from Eq.(1). For a uniform substrate, the spatial

n= 5S%(L1+ 3L,). The last two terms represent the cou-
g between the spatial variations fr) and S(r). From

Ill. THE MODEL

[10]: variation of(S(r) in the z direction exists only in the bound-
ary layer, with the LC elastic correlation length,
FB:f dr3 (OlQizj+L1Qi2j,k+ L>Qij i Qik k) — BQI; Qjk Qui A LC
=\Vg
+9(Q%)2. ()

_ as its characteristic length unit, whelre= 3L, + 3L ,.
':]e“'?‘ Oé’. Ll’. L.ZI’('B ' an_d 4 fare p{leno;nen_oriogr:cal constants, Assuming the stripe pattern at textured substrate is peri-
the indicesi, ],k running from . to 3 with t € COITesSpon- qic in thex direction, we write the surface interaction po-
dence }-x,2+Yy,3« 2z, summation over repeated ,k indi- tential as

ces is implied, and the comma in the subscript means deriva-

tive with respect to the spatial coordinate that folloﬁscan 3 o

be diagonalized at any spatial point If two of the three Fs= | drfdQ(r).x]4(2), ©)
diagonal elements are equal, then the local ordering is

uniaxial andQ can be written a$5(3nn—1)/2 whereS re-  in which fs[ﬁ,x], the local density of interaction energy, is

flects the uniaxial liquid crystalline order amdis the direc-  a periodic function ofk with the periodicityP. To quadratic
tor. To relate the phenomenological constants to those consger inQ, 4 Q,x] can be modeled as
ventionally encountered in the uniaxial case, we substitute

Q=5(3nn—1)/2 into Eq.(1) to yield fJ O, x]=01(X)Z- Q- 2+ go(X) TrO2+ g3(x)(z- Q- 2)2

+g4(0)2-Q?- 2, (4)

3 1
fo=a(T-T*)S’—BS+CS*+ 7Lt 6|_2)[VS]2

so long as the local alignment axis 6f is normal to the

3 9 1 substrate. In this work, we assume the textured pattern to
— . 2, Q2 - . 2 . . ' N N A
+ 8 Lo[n-VS]™+ 4S Lo+ 2 L2 |[V-n] consist of alternating stripes of equal wid#2, with either
the homeotropic or the planar aligning potential. Both align-
1 ment potentials are noted to haw@s the local orderi [
) 2 < 2 p @s the local ordering axis
+Laln-Vxn] +(L1+ oLe [nXVxn] [2,3]. For the planar case, however, spontaneous symmetry

3 3 breaking is a distinct possibility, which can lead to biaxial
+ LS V-n][n-VS]+ L, nxVxn]-VS, (2 order in the bgundary lay¢B]. As shown in Refs[2,3], the
2 4 term linear inQ is dominant in either the homeotropic or the

) ) planar case. We thus adopt the following expressiof &f
where a(T—T*)=3a/4, T* is the supercooling tempera-

ture, B=38/4, andC=9vy/4. In casen(r) is uniform, only

the first five terms in Eq(2) survive. The sixth term is ex- FS:J’ d3r[G(x)Qa38(2)], )
pressed in the familiar form of splay,V-n]?, twist,

[n-Vxn]? and bend[nX Vxn]? distortions, concermning where the surface coupling constais noted to be a func-
the spatial variation ofi(r), with respective elastic constants tion of x. It is equal to— G, in the homeotropic region and to
given by Kgpa=3S*(L1+1/2L;), Kyig=3S’L;, and Gy in the planar region, witlG,, ,G,>0.
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Writing the total free energf =Fg+Fg in the dimen-
sionless form as

F
V= regrce T Vet Vs, ©
we obtain the bulk free energy
\IfB=f dZ) (t+ D(3Q7) — 5Q; QuQu+ (3Q7)?
2 2p — —
~2
+ 3+2inj,k+ 3+2inj,jQik,k , (7)
and the surface free energy
Vo [ dlgenQutz) ®

HereQ_iJ- =CQ;;/B is the dimensionless order parametgr,

is the length unit that characterizes the distance over whic

the order parameter can vary significantl=r/A,
t=(T—Tpn)/A(Ty—T*) with 4(Ty,—T*)=B?aC being
the temperature unip=L,/L4, andg is the dimensionless
surface coupling constant in the unit 6f,= AB%/C?. For
5CB (where CB denotes cyano bipheyya=0.065 J/cm
%K, B=0.53 J/cnt, C=0.98 J/cn?, L=4.5x10 * J/cm,
and p=1 [2,3]. Accordingly, we have A=40 A,
Go=0.614 erg/cm, and the temperature unit is 4.4 K. The
values ofg,=0.05 andg,=0.08 are used in our numerical
computation that follow$11].

IV. BULK ORIENTATIONAL STATES

TIE-ZHENG QIAN AND PING SHENG

A. Large- and small-periodicity limits

Given a surface potentidk[ Q(z=0)], which is uniform

in the xy plane, the optimaIQij(Z) state is determined
as follows. At fixed temperaturet<O, minimizing
(t+9(3Q7) — Qi QuQui+ (5Q7)%,  yields  Q;(z—)
=u(t)(3ngjngj—1)/2, withu(t) = (3+ y1—32t)/8 and bulk
directorng to be determined by the condition that under the
above boundary condition at=cc, the minimization of the
total free energy functional should give the lowest free en-
ergy.

For the homeotropic aligning potential, the easy direction
of alignment is normal to the surface while for the planar
aligning potential, all in-plane directions are degenerate.
Texturing the substrate into a stripe pattern thereby generates
distinct domains of homeotropic or planar-aligned LC order
close to the substrate, with domain walls separating the dis-
tinct alignment regions. In the direction, there are also two
distinct regions of liquid crystalline order. Close to the sub-
strate and extending about a fé®s into the LC sample is
the boundary layer region. Here the LC orientation tends to
follow the local preferred directions of the substrate align-

ent potentials, with domain walls separating the homeotro-
E;c from the planar alignments. Extending frammof a few
P’s to z— is the bulk region. Here the domain walls dis-
appear(since otherwise the elastic distortion energy would
diverge, and the LC order is uniaxial, aligned along a bulk
orientational director. The global optimal state for a textured
stripe pattern substrate can be qualitatively deduced for the
cases ofP—0 andP— .

As P—x, the directors in each potential region are able
to adjust themselves in order to lower the surface energy.
The cost is an appreciable elastic distortion in the domain
walls separating the neighboring alignment regions. Numeri-
cally we obtain the optimal state with the bulk director lying
in the yz plane and making a nonzero tilt angleas mea-
sured from thexy plane. The so-denotegz state’'s bulk

The LC equilibrium state is given by the order parameterdirector and the transition layer are illustrated schematically

configuration, which minimizes the free energy functional.

To obtain the configuratioQ_ij(Z), which minimizes the to-

in Fig. 1. Why theyz plane is selected as the easy direction
in the planar regions is physically understandable because

tal free energyl’, we use the fourth order finite difference the twist elastic constant is always smaller than the splay and

scheme to discretize the derivatives and employ the conjulh® bend elastic constants as longpas0. Since the elastic
gate gradient method to seek the optimal configuration. Oufistortion of theyz state along the axis is mostly of twist

experience shows that the global optimal state is invariablyFharacter, the elastic distortion energy is thus minimized
obtained starting from random configurations except near th@ithout having to increase the surface energy. Since the di-
first order transition point, to be specified below. Close to thd'®ctor far away from the substrate has to be uniform, it has to
transition point, the continuation method was applied to obP€ in theyz plane. This determines tfe— limiting state

tain the desired state, i.e., the optimal configuration at eacfS the ‘yz state.” _
step is used as the starting configuration for the next step. In AS P—0, the textured substrate behaves as an effective
this way, global optimal configuration in one regime may bemedium since its periodicity is much shorter than the LC
used to obtain the metastalflecally optima) configuration elastic correla_tlon length. The d|reqtor configuration clc_)se to
in other regimés). Thermally stable and metastable states aréhe substra_lte is there_fore nearly uniform and'the pulk director
thus identified around the transition point. Accuracy of thelS approximately given by the easy direction for a
calculation is checked in two ways. First, the conjugate gratniform — substrate with surface interaction potential
dient method was found to minimize the free energy to aré(gp—gn)Q33(§3=0). If g,>g, as assumed in this work,
accuracy of 10”. Second, by doubling the number of spatial the bulk director is expected to lie in tixg plane. However,
points, we find the shift in minimized free energy is less tharwhat should be the azimuthal angde measured from the
0.2%, while the shift in the critical values of the transition x axis, for the bulk director in the optimal state Bs-~07?
temperature or the critical texture periodicity are on the ordeFFrom our numerical calculations, we find the global optimal
of 2%. state has the bulk director in thedirection, denoted the
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state. The state with the bulk director in tlyedirection, state. For biaxial distortion, the effective elastic constant in
denoted they state, is metastable. Below we give a physicalthex state is therefore smaller than that in thetate because

explanation for the stability of the state. of the larger|Q4, which in turn gives rise to a larger
|Q.4 for thex state, as seen below. So the cause and conse-
B. Origin of the x state: Rotational symmetry quence are consistent. Accordingly, the order parameters can
breaking and biaxiality better adjust to the the surface potential inxhstate, and the
surface energy is therefore lowered as compared toythe

To better understand the origin of tRestate, we first turn
i . ., state.
to the rotational symmetry properties of the;ystem. Consider A simple model can make concrete the above consider-
a uniform substrate with surface potentiglQ]5(z). Inthat  ations. In either the or they state, the order parameter at

case the spatial dependence of the order parameter is Or@éo deviates from its bulk valu®g . Suppose the total free
along thez direction, and the bulk free energy is invariant . ) B -
energy of a uniform configuratioQ(r)=Qg, is denoted by

under the rotation about thez axs, e, Fo. The total free energy in th& or they state can be
Sy — P -1 ; 0 ay I y s
FelQ(1)]=Fs[RQ(r)R 7], whereR is of the form expressed as=F,+ 8Ft 6F=, in which 675 and 57«
cosw  Sinw O are the surface and the elastic distortion energies caused by

the deviation of@(x,y,z=0) from 65. In response to the
' surface interaction potential, such deviations always make
0 0 1 86Fs<0, 6F>0, and 6Fs+ 6F<0, as seen below. We
1 . ) introduce a single parametey, which measures the mean
andR™" is the inverse oR. Here w denotes the rotation  yeyiation of surface order parameters from the bulk value.
angle about the axis. If fJ Q] is also rotationally invariant, §Fgand8Fg can thus be expressed@g) andc,g?, respec-
as expressed big] Q,x] in Eq. (4) without thex dependence tively, with c;, ¢,>0. This is becauséF5 can be positive
of the g constants, then the whole system possesses rot@ negative, depending on the direction of the deviation at
tional symmetry about the axis. Texturing the substrate surface, and is therefore directly associated with the sign of
introduces arx dependence int®;; and breaks the rota- d. On the other handj7¢ is always positive, sinceyg itself
tional symmetry ofF g through the terms proportional to,  is minimized byQ(r) = Qg . Therefore for smallq|, 6Fg is
(i.e., if L,=0, thenFg would be rotationally invariaint The  linear inq while §F¢ is quadratic ing. By minimizing
optimalyz state in the larg® limit is a manifestation of the

—sSinw cosw O

symmetry breaking due to ths, term since the three Frank- F=TFotci9+c0%,
Oseen elastic constants ob&y,ist<Kspa= K if p>0
(i.e., L,>0). Yoist™splay™ T bend we get gg=—cy/2c,, with 8Fs=—cP2c, and

TheL, term is responsible for determining the bulk direc- 8Fe=C3/4c,. It is readily seen that the smaller the effective
tor in the optimal state aB—0. From Eq.(1), we find that  €lastic constant,, the better the surface adjustment of order
if Q1(r)=Q,3(r)=0, then functional differentiation yields Parameters would bevhich, among other things, would give

rise to a largeitQ,4). Consequently, the surface energy de-
oF oF creases while the elastic energy increases with increasing
5Q(1) =0, 5Q4(1) =0, c,. The total free energypF= 8F,—c3/4c,, on the other
hand, always decreases with decreasingrhese results are
providedQ;; ,=0, which is always valid for the stripe pat- verified by our numerical solutions, which show that the sur-
tern. That means it is possible to obtain a locally or globallyface energy is lower in the state, while the elastic energy is
optimal state witiQ,,=0 andQ,3;=0. The numerical results higher. The reverse is the case in thetate. Just as in our
show that both the state and thg state are indeed given by simple explanation, the state is found to have the overall
the three nonzero independent componedis, Q,, and  lower free energy. Thus the smaller effective elastic constant
Q43, with the bulk vaIues(zlzu, Q_22: —u/2, Q_lszo in of the x state, resulting from the biaxiality of the boundary
the x state, andzlz —u/2, Q_zzzu, Q_13=0 in they state. Iay_er, is the source of the equilibrium state in theP—0
Close to the substrate, the order parameter deviates from ignit.
bulk value and exhibits spatial variation and biaxialit,¢
#0) in response to the surface interaction potential, as sche- V. PHASE TRANSITIONS
matically depicted in Fig. 1 for th& state. To explain why
the x state can be lower in energy than tiestate, it is

crucial to note thatQ,4 is always much larger in the state
than in they state, as verified by numerical calculations.
Physically this is reasonable because the order paramet
along thex direction,Q,, is larger in thex state. We turn to
the explicit form of thel , term,

A. The first order phase transition

With the twoP— andP—0 limiting equilibrium states
found to be distinct, a transition between the two is inevi-
ble asP, or other relevant control parameter, is varied.
umerical calculations have been carried out only for
—2=<t<0 because the Landau—de Gennes free energy ex-
pression becomes inaccurate far below the nematic-isotropic
3 Lo[(Qqat Q13'3)2+(Q31’1+ Q33’3)2]’ transition point. We find that in a Wide_ range Bf _the yz
state and the state can both exist, with one being stable
in which the two terms within the parentheses are alwaysgglobally optima) and the other metastable, while thetate
found to be opposite in sign, in either tlestate or they is always metastable. At a fixed temperature, as the texturing
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FIG. 2. Variation of the tilt angled, measured from the&y
plane, and the azimuthal anglg, defined relative to the axis,
plotted as a function of substrate texture periodidityat fixed 5 function of substrate texture periodicRyat fixedt=—1.0.V is
t=—1.0. The solid line denotes the variation; the dashed line the dimensionless total free energy ahds the dimensionless total
denotes thep variation. The dotted line denotes the tilt angle varia- grea on which¥ is calculated. The solid line with open squares
tion of the metastablgz state. A first order phase transition is noted genotes thg'z state, the long-dashed line with open circles denotes
atP=47.3A. the x state, and the short-dashed line with open diamonds denotes
they state. The arrows indicate the the first order phase transition at
P=47.3A and the virtual second order phase transition at
P=46.QA.

FIG. 4. Variation of the total free energy per unit area plotted as

periodicity decreases, the bulk director of fhestate gradu-
ally turns to thexy plane and finally merges with thestate
whenP is sufficiently small. However, before this can hap-
pen, a first order transition from thez state to thex state  gies. Compared with the state, theyz state exhibits a larger
must occur since the state is the true ground state for elastic distortion but a better surface adjustment of the order
P—0. In Fig. 2, the bulk director’s tilt anglé) and azi- parameters at the substrate. Rsdecreases to the critical
muthal angle¢ are depicted as a function &, at fixed point P, the elastic distortion energy is increased to the
t=—1.0. It is noted that the first order transition occurs atextent that it becomes possible to achieve a lower overall
P.=47.3A. The same transition can be observed by varyingsnergy by sacrificing the surface adjustment, if the elastic
the temperature arourtd= —1.0 if P is fixed at some value (distortion energy can be lowered at the same time. This is in
close to 5@. In Fig. 3, the tilt angle of the bulk director is fact achieved by the state. From the point of view of low-
depicted as a function of at fixedP=47.5A. The first order  ering the temperature, a similar case can be made because
transition is noted to occur &t —1.017. In Fig. 4, the total |owering the temperature increases the uniaxial order param-
free energies of the three orientational states are plotted aseferu. Since the three Frank-Oseen elastic constants are all
function of P at fixedt=—1.0. The existence of the first proportional tou?, the elastic distortion energy is thus in-
order phase transition &,=47.3\ is characterized by the creased. Meanwhile, the surface energy is proportional to
crossing of theyz state free energy with the state free —u. Consequently, ak is lowered, one can have the same
energy, indicated by arrows. first order phase transition as decreaghd\ rough estimate
The first order phase transition is physically understandshows that the elastic energy stored in the two adjacent
able from the competition between surface and elastic enestripes is proportional t@?P°. The surface energy, on the
other hand, is roughly proportional teuP. Hence the com-
petition between the elastic energy and the surface energy

200 [ leads to a critical periodicity?. approximately proportional
to u. Therefore, lowering temperature increades, and
150 ¢ P=d75 A similarly for T,. It is worthwhile to note thaP,=47.2A at
B} o t.=—10 and P.=475A at t,=-1017, so
Eﬂ 100 F _ Pé/Pcs[l.J(t.(’:)/u(tc)]O-S. The above argument also leads to
= the prediction that the dimensionless critical periodicity
B P./A can be raised by choosing a smaller dimensionless
50 ) surface coupling constant,, with g,/g, andp fixed, since
the smallerg, is the less competitive the surface energy
0.0 H - ) would be, andP;/A is thereby raised by the relatively en-
-13  -11 —0t-9 0.7 -05 hanced importance of the elastic distortion energy.

B. The virtual second order phase transition

FIG. 3. Variation of the tilt angled, plotted as a function of
temperaturd for fixed P=47.5A. The dotted line denotes the tilt
angle variation of the metastabje state. A first order phase tran-
sition is noted at=—1.017.

On the smallP (or lower T) side of the first order phase
transition, they z state is metastable. With further decrease in
P or T, the tilt angle in theyz state approaches zero, and the
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yz state merges with thg state. This is shown by the tilt 15.0 . —
angle variation depicted in Figs. 2 and 3, and by the free
energy variation plotted as a function®fin Fig. 4. It can be -+
regarded as a virtual second order phase transition because  _ 100 - i
the order parameter configuration changes continuously, but g ad
a transition occurs in symmetry. From Figs. 2 and 4, it is é” ,,v”
noted that the virtual second order phase transition occurs at > 50 - .,ﬂ’ J
Ps=46.Q for fixedt=—1.0. To elaborate on this point, we »
turn to the space-reversal symmetry of the system. With the ""
origin of the coordinate system defined at the center of a 0.0 . ) L
stripe chosen arbitrarily, the free energy functional " 46.0 47.0 48.0 49.0 50.0
F[6(r)] is invariant under thex-reversal transformation, P/A
ie., o
FIG. 5. Variation of the tilt angled, plotted as a function of
Qu(xy,2)=Qu=X¥,2),  QaAX¥,2)— Q2 —X,y,2), substrate texture periodicify in the groxinaity of the virtual second
order phase transition poift,=46.QA at fixedt=—1.0. The solid
QuAXy,2) =~ QuA —X,y,2), (9  circles represent the values 6fobtained through the minimization
of total free energy. The dashed line represents a square root de-
Q13(X,y,2)— —Q1(—X,y,2), pendence o —P,.

Qoo(%¥,2) = Qo —X¥,2), states,F,—F,,, is thus anevenfunction of bulk Q3;, and

and also the/-reversal transformation, i.e., may be expanded in a power seriesQ@}; as

X,y,2)—Qu1(X,—Y,2), X,¥,2)—Q2AX,—Y,2),
QuxY.2)=Qux=¥.2),  QalXy,2) = Qe X,y Fy=Fy=R(PHQR*+S(PI(QBY (1D

le(X,y,Z)H—le(X,—y,Z), (10)

_ _ where R(P) and S(P) are P-dependent phenomenological
Q23(X,Y,2)— — Qa3(X, —V,2), parameters for a fixed temperature. The expansion is to the
B quartic order inQ5;, valid for small|Q5,. From the numeri-
Qus(%.y,2)=QudX, ~y,2). cal solutions, we find that close to the second order transition
From numerical solutions, we find that if the bulk order pa-POINtPs, @IS propor;uonal toyP—Ps while Fy—F,; is pro-
rameter in any optimal state is invariant under either of thé?ertional to P—Py)*, as depicted in Figs. 5 and 6. Such
above two transformations, then the whole order parametdP€an field behaviors can be obtained through a minimization

configuration is invariant under the same transformation. Fopf the free energy difference in EqL), if we follow the
the yz state, since the bulk director is in thye plane, the Landau mean field approach for second order phase transi-

bulk order parameter, with three nonzero independent confion and choos®(P)=r(P—P) and Sp=S, wherer and
ponents Q;;, Q,,, and Q,s, is invariant under the S are P independent. In case the periodicity is fixed, there
x-reversal transformation, and the whole configuration doe&r® Similar mean field behaviors for the tilt angle and the
show thatQq;, Q,,, andQ,z are symmetric, whil€,, and

Q.3 are antisymmetric, with respect toreversal. For the 0.0e+00 ¢-o0-o¢

A E——
and they states, the bulk order parameters, with the two *"‘\.\ T
nonzero independent componefts andQ,,, are invariant -1.0e-05 \\ T
under each of the two transformations, and the whole con- < e ]
figuration shows tha®;, and Q.3 vanish everywhere, while =, 20e-05 ¢ \\. ’
Q1 and Q,, are symmetricQq3 is antisymmetric, with re- et N |
spect tox reversal. Here thg-reversal invariance and the = —3.0e-05 \\ 1
uniformity in the y direction lead t0Q.,=0 and Q,3=0 —4.00-05 - N
while the x-reversal invariance results in the antisymmetric ' I e
Q3. As 6(2—>oo) is uniform, any antisymmetric component _5'06_0546.0 ' 47"0 . 48'0 49'.0 500

with respect tox reversal has to vanish at— in all the
three states.

Due to the invariance of under they-reversal transfor-
mation, there must be two degenerate states, mutually
related by Eq.(10). When the virtual second order phase
transition occurs, the twgz states become identical and

P/A

FIG. 6. Variation of the free energy difference, plotted as a
function of substrate texture periodicify in the proximity of the
virtual second order phase transition poiRt=46A at fixed

int inal tate. In the limit of I tilt | t=—1.0. The solid circles represent the free energy difference ob-
merge Inlo a singlgy state. In the imit of small Uit angle  ih0 in the minimization of total free energy. The dashed line

>0, the bulk order parameters of the twz states delineates a quadratic dependencePonP. ¥, and ¥, are the

are given by Q% =-u/2, Q5,=u(1-36%2), and Q5  dimensionless total free energies of the andy states, respec-
=*+36/2. The energy difference between theand theyz tively, andA denotes the dimensionless area of the substrate.
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energy difference, i.e§x\T—Tg, andF,— Fyzoc(T—TS)z, A. The vertical field case

which can be obtained by a similar Landau mean field as- oy electric field applied perpendicular to the substrate,

sumption. the field-induced free energy can be written in the dimen-
C. The role of the tensor order parameter sionless form as

It is worthwhile to compare the present study with some )
prior works, which adopted the Frank-Oseen elastic free en- N €a E f dZQ_ %) (14)
ergy expression as the starting point. Barberal. [7] con- E™ el 3E2 3357
sidered a solid surface textured into a periodic structure of

wavelengthn along thex direction, with two alternating easy whereEy= \A7B%[e,|CZ is the unit of field strength. Here
axes. They used a surface energy expresdigin-ng) ; ; :

o 5. h of th ol . o we d|§cuss the case of negatigg. Since theyz stqte has a
=—2w(n-ng)® in each of the two potential regions, where finjte tilt angle measured from they plane, the vertical elec-
ne is the easy axisn is the director at the surface, and tric field is in favor of thex state. For a sample of infinite
w>0 is the coupling constant. The bulk alignment thus ob+hjckness, thex state is the only stable state as long as the
tained is only an effective easy direction. That is a directield strength is nonzero. Here we consider the nematic lig-
consequence of the constrained variation of the order paranggig crystal in a cell of thicknesd, sandwiched between two
eter, as pomtedeout in the Introduction. If we use a umaxmlsim"aﬂy textured substrates. In the regime P, the thick-
order paramete®=S(3nn—1)/2 with a fixedS at a given ness of the boundary layer is much less tdamand the free
temperature, then the Landau—de Gennes free energy expresergy contribution from the boundary layers is negligible.
sion is identical with the Frank-Oseen elastic distortion en-Thys we can us@a3=u(3nsn;—1)/2 with u determined by

ergy expression. Using the same unia@l we also have t only, and drop then-independent part il . In essence,
the surface energies of the forrévvp(n- 2)?2 and —3 the field-induced free energy is calculated within the Frank-
wy(n-2)? for the planar and the homeotropic potentials re-Oseen framework. If the system is in thestate, thenb g is
spectively, withw, ,w,>0. A simplified formulation of the almost zero since the bulk director is perpendicular tozhe
problem, of a similar form to that in Reff7], is thus derived. direction. For the system in thgz state, on the other hand,
The only optimal state we can thus obtain is thestate, in  due to the finite tilt angle? of the bulkn, the field-induced
which the tilt angle turns to thgy plane gradually a® or  free energy is positivésincee,<0), and can be comparable

t is lowered. With theyz state as the only optimal state to the difference between the free energies stored in the
everywhere, no first order transition can be found. Thisboundary layers of th& and theyz states. Suppose the en-
shows that the tensor character of the liquid crystalline ordeergy difference between theand theyz states, denoted by
is crucial in giving rise to the substrate-induced states anal,— i, ,= ¢, is positive for certainP andt. The critical

phase transitions discussed above. voltage V. is defined by the point at whicl = §¢. This
mechanism of field-induced transition should be contrasted
VI. FIELD-INDUCED EFFECTS with that for the Fredericksz transition, where the transition

occurs when the elastic-field-induced correlation length,

’ So far;he &rienﬁltional s’;ates an? the lpl)hasel'_[re(ljns:tio[\§ aqggven by ée~ VA 7Kl | €] SE, is equal to or smaller than
IScussed In the absence of any externally applied €leclic Ghq co|| thicknessl. This implies that the critical voltage for

magnetic field. In this section we consider the effects of e Efedericksz transition is independent af Here, if the

applied electric field. Effects due to magnetic field are ex-

. critical voltageV, is lower thanVe= 47K yist/| €2/S, we
gfz(gt?;itﬁggﬁ:?&g;?&?;ﬂgjﬂ\gg]u'd not be repeated. Thgbserve that the field-induced distortion of the director con-

figuration is very weak before the field-induced transition
occurs, since forV<V.<Vg the field coherence length
1 Ee~ JATK yist/| €| S would be larger than the cell thick--
FE:J dr{ - " E. D], (12) nessd. We can thus adopt first order perturbation approxi-
8w mation, i.e., the field-induced free energy in the state is
calculated by assuming the director configuration remains
) o i L unchanged in the presence of the electric field to the zeroth
whereD is the electric d|sEIacepent field, which is related to 5 qar  The validity of such an approximation can be con-
the electric fieldE by D= € E. € is the local dielectric ten- firmed by the numerical results, which show that the change
sor, given by of the tilt angle at the middle plane is less than 7% when the
applied voltage is close to but lower thslpa . So long as this
approximation is valid, the field-induced enertg is pro-
-1 2€, portional to E2d=V?/d, and the critical voltageV., ob-
e=3(g+2e )+ 3Q, (13 tained by settingl’ = 8y, is therefore proportional tgd. It
follows that there exists a maximum cell thicknegs be-
yond whichV .>Vg, and the approximation would break
wheree,= €|~ €, is the maximum dielectric anisotropy. In down. If the startingyz state is sufficiently close to the first
the limit of small ¢,, i.e., |e,/¢)|<1, the electric field is order transition pointg is found to be large and experimen-
almost uniform. We first discuss the effects of an electrictally accessible. Below we make these considerations more
field applied perpendicular to the subst(ate quantitative.
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10.0 B e when the field is turned on. However, due to the existence of
| thex state, which is a little higher in energy than thestate
8.0 F 4 at zero voltage, an abrupt change of the whole configuration
can occur at a moderate voltaye<Ve. In this case the
a 60r X STATE 4 transition is actually determined by the boundary layer and
~ . ] not by the field coherence length. This is not surprising since
Q 40t 4 the surface anchoring is effectively weak due to the proxim-
I ity to the phase transition point. When the startymstate is
20 F YZSTATE located far away from the transition point, thestate be-
I comes inaccessible and the surface anchoring becomes effec-
0.0 T T T tively strong. We conclude that microtextured substrates can
0.2 04 0.6 0.8 1.0 provide the effective tuning of anchoring strength, varying

v/ V, continuously from the strondaway from the transition
point) to the weak(close to the transition point
FIG. 7. Phase diagram of the two bulk orientational states plot-
ted as a function of applied voltageand the inverse cell thickness B. The transverse field case
1/D. Ve andD¢ are defined in the text. o )
For electric field applied parallel to the substrate, the

The field-induced energy ¢ is approximately given by  field-induced free energy can also be calculated within the
Frank-Oseen framework. It is clear that the orientational

2 transitions can be induced by an in-plane field as well, de-
V= —usir?0Ad/A3, (15)  pending on its specific direction and the sign ef. If
2Ey €,>0, a transition from theyz state to thex state can be

) ) induced by a field in the& direction. If e,<0, the same field
where u=(3+1-32)/8, ¢ is the tilt angle of the bulk can induce a transition from thestate to theyz state. The
director at middle of the cell, and is the cell area. By gsame is true for a field in thg direction. In particular, if

setting 6y equal toWg at V=V,, we obtain P—0, then the bulk directors of the two states are both in
plane. Consequently, the vertical field can no longer induce

2 Sy \d any transition, while the transverse field is still effective.

Ve=V siPo| a7az) aE0A- (16) In the P—0 limit, the energy difference between tixe

and they states is quite small. Fdar=—1.0 andP=45.Q7A,

we havey, — ¢=4.6x 10" ° A/A?, which is much smaller
than ¢y—1y,~3.8Xx10°°> A/A? for t=-1.0 and P
=50.0, used in the previous subsection. For a uniform

To determinedg, we note thal. can be expressed as

Vo=E-A / 18L, u 17) transverse field in thg direction, a transition from the
o 3Ly+2L, state to they state can thus occur at the critical field strength
where Kt is written as ®,S%2. EquatingV, and Vg 5
ields _ < ‘/’y_ Iy i
y E.=E, 5 : (19
u A/A“ d/A
a2 2 i Using e,~0.1 andd~10 um, we find E,d=0.24 V<V .
de=Au > (18 MY €a™ , ,
3+2p Syl (AJA?) This implies that the anchoring by the textured substrate is

effectively very weak in the small periodicity limit.
For P=50.0A and t=-1.0, we have §=11.42° and

8yy=3.772x10°° A/A?, from which one obtains
de=2.2X10°A. For most nematic liquid crystalgy ranges
from several tens of to a few hundred angstroms, therefore What we have presented in this paper only serves to illus-
de can be larger than 1Qum. With ;| ~0.1, Ve is usually  trate the possible orientational states and phase transitions
several volts, as is well known for the feericksz transition  associated with a class of substrates. It is obvious that the
[10,12. Thus the field-induced transition can be easily real-stripe pattern of alternating planar and homeotropic aligning
ized, provided the textured substrates can be properly prezonditions by no means exhausts all possible patterns of mi-
pared. In Fig. 7, the dependence\gf on d is depicted for  crotextures. For example, a stripe pattern of alternating ho-
de/10=d=dg. HereV, and the field-induced transition are mogeneous aligning conditions of equal width, with neigh-
calculated by minimizing¥g+Ws+We. It is seen that the boring easy directions orthogonal to each other, can induce
heuristic relationV.>/d, derived above, is well followed. two degenerate orientational states with bulk directors paral-
The x state in the upper right region is separated from thdel to the substrate but orthogonal to each other. In particular,
yz state in the lower left region by a first order field-inducedthe effective anchoring strength can also be tuned by varying
transition. the texturing periodicity and/or the temperature. In addition,
For V<V, the field correlation lengthz has been noted two-dimensional textures are also of interest.
to be larger than the cell thickness. Consequently, the direc- The dynamics associated with the field-induced orienta-
tor configuration of theyz state remains almost invariant tional transitions is yet to be investigated. Since the anchor-

VIl. CONCLUDING REMARKS
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